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Evidence for universal relationship between the measured 1/f permittivity 
noise and loss tangent created by tunneling atoms 
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Noise from atomic tunneling systems (TSs) limit the performance of various resonant devices, ranging in 
application from astronomy detectors to quantum computing. Using devices containing these TSs, we study 
the 1// permittivity noise and loss tangent in two film types containing different TS densities. The noise 
reveals an intrinsic value as well as the crossover to power-saturated noise. The intrinsic 1// noise fits to the 
temperature dependence 1/T 1+Al where 0.2 < p < 0.7, which is related to previous studies and strongly inter¬ 
acting TS. An analysis of the noise normalized by the loss tangent and temperature is quantitatively identical 
for two film types, despite a factor of 5 difference in their loss tangent. Following from the broad applicability 
of the TS model, the data supports a universal relationship for amorphous-solid produced permittivity noise. 
The quantity of the observed noise particularly supports a recent model in which noise is created by weak 
TS-TS interactions. 

PACS numbers: 77.22.Gm, 77.22.Jp, 85.25.-j, 07.57.Kp, 66.35.+a 


Noise from atomic tunneling systems (TSs) is believed 
to be responsible for performance limitations in various 
resonant devices, from kinetic inductance detectors in as¬ 
tronomy to measurement and bus resonators in quantum 
computing. TS noise is also likely related to qubits in 
quantum computing since they can create charge noise 
in a qubit 1 ! anc j critical current noise in a Josephson 
junctioiP. While TSs in amorphous solids have been 
known for decades, their rediscovery in superconduct¬ 
ing qubits- 3 '^ has led to recently increased interest. This 
has led to m any fundamental studies of individual TS 
in qubitPaED 

and microwave loss tangent and inter¬ 
nal quality factor measurements to lower the loss in 

structurepffiSI After the initial qubit decoherence stud¬ 
ies, the performance-limiting 1/f frequency noise in res¬ 
onators was discovered. This noise was found to decrease 
with increasing field amplitude (or power) and was linked 
to TS due to the calculated contribution of TS in different 
resonator geometrieJ- 1 ®^ . 

While the loss phenomena and some coherent dynam¬ 
ics of TSs is under stood in terms of a standard model 
of two-level systems 2 -^!!, the dynamics of TS that lead 
to frequency noise is an unresolved issue. In the stan¬ 
dard model, the loss tangent saturates (decreases) below 
its intrinsic value of tand = TrPop 2 /3e as the ac drive 
field is increased, where P$ is the density of TLS, p is 
the dipole moment, and e is the permittivity as the Rabi 
frequency of resonant TS exceeds a decoherence rate. An 
early theoretical studies of the TS 1/f noise for qubits, 
using the standard distribution of TSs, found a negli¬ 
gible amount of noise saturation with increasing field 
strength 22 . A semi-empirical model for noise was later 
proposed which included the observed noise saturation 23 . 
This was followed by a theoretical model which showed 


that deterministic dynamics from TS can squeeze noise, 
creating enhanced frequency fluctuations, but the study 
only included a simplified model of TS^. More recently, 
an experimental study uncovered interesting phenomena: 
the 1/f noise was found to decrease as the temperature 
increased with a particular power law^S. A theoretical 
model mentioned 25 26 was proposed in which strong inter¬ 
actions between TS create the observed frequency noise, 
but it also used a nonstandard energy distribution of TS. 
More recently, a weak TS-TS interaction model of the 
noise was proposed based on the standard distribution of 
TSP. In the previous two noise models tan S is predicted 
to exhibit a linear-response regime of noise and a partic¬ 
ular saturation (or decrease) in noise above a crossover 
field. To the best of our knowledge this crossover has not 
been observed, and a quantitative relationship between 
the noise magnitude and the loss from TS in a material 
has not been established. 

Here we report on the TS-induced frequency noise 
from resonators, all with resonance frequencies of ap¬ 
proximately v o = 4.7GHz, along with their dielectric loss 
tangents. The frequency noise spectral density Ss u / V {f) 
is created by TSs and is 1// (1/frequency) type. The 
microwave power dependence of this noise shows an in¬ 
trinsic (unsaturated) noise at low powers and a saturation 
at higher powers which is compared to the loss tangent 
saturation character. Furthermore, we find that the tem¬ 
perature dependence of the intrinsic noise level has an 
interesting increase as the temperature decreases, which 
is compared to previous measurements of 1/f nois d 25 * 2 ^ 
and a strongly coupled TS-TS noise theorjEH. One of 
the main findings of this work is that in the unsatu¬ 
rated regime the 1/f permittivity noise power divided 
by the loss tangent is approximately the same for amor- 
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FIG. 1. (Color online) (a) Im[S 2 i] versus Re[S 2 i] for both 
swept- (line) and CW- (dots) frequency data, where the CW 
frequency data show frequency fluctuations along to the res¬ 
onance circle of the swept-frequency data, (b) Fractional fre¬ 
quency noise spectral density Sg v i v at temperature 15 mK 
and input microwave power = —119.5 dBm. Solid line is 
a fit to A/[//(lHz)] + B , where A gives the TS produced 1/f 
noise. 


phous films with significantly different loss tangents and 
supports a universal relationship for amorphous solids in 
general. This comparison and the quantitative value of 
the noise supports the noise model of Ref. [27], with 
weakly coupled TS in a standard distribution, which 
cause coherent TS dephasing as a result of thermally ex¬ 
cited TS at low energy. 

Microwave LC resonators were fabricated from super¬ 
conducting aluminum (Al) films with a d = 250 nm thick 
film of amorphous (a-)SiaN 4 forming the capacitor dielec¬ 
tric. Here we will report on measurements on two film 
types with substantially different loss tangents, which are 
denoted by Type-1 and Type-2, whose growth are de¬ 
scribed in Ref. [T5]. The capacitances C were either 1.5 
or 4.6 pF, and are comparable to many microwave res¬ 
onators, where details of the device structure are given 
in Ref.|T3]. The dielectric volume ( V ) of the TS-hosting 
amorphous- (a-)SiaN 4 film within C is 5000 p,m 3 . The 
trilayer geometry of the capacitor provides a 100% partic¬ 
ipation of the material and results in a simple relationship 
between the loss tangent tan S = 1 /Qi and the internal 
quality factor Qi, and additionally the permittivity noise 
Sst/t = ^Ssv/v and the frequency noise (Sg^/v). 

Measurements were carried out in a cryogen-free dilu¬ 
tion refrigerator. The input microwave line is attenuated 
by approximately 75 dB at different stages in the refrig¬ 



FIG. 2. (Color online) Loss tangent, tan do — tand m i n , (□, left- 
axis), and fit extracted 1/f noise component, A, (O, right- 
axis), as a function of RMS voltage ( Vrms ) across the trilayer 
capacitor. tan<5 m i n was measured at high fields and is not 
attributable to TS. Similar to the loss tangent, the onset of 
1/f noise power saturation is clearly observed, such that an 
intrinsic region of noise is identified (see text for details). 


erator to prevent a single thermal photon excitation in 
the resonator. The output microwave line is connected 
to a cryogenic high-electron-mobility-transistor (HEMT) 
low-noise amplifier mounted at 3 K, and the device is 
isolated from it by multiple cryogenic circulators. 

Microwave transmission (S 21 ) measurements on the de¬ 
vices were performed with the VNA on swept frequency 
mode to characterize the loss tangentES. The films in the 
devices have unsaturated loss tangents of either l.Ox 10 -4 
(Type-1) or 5.0 x 10 -4 (Type-2). In a subsequent mea¬ 
surement with the VNA set to CW mode, S 21 was mea¬ 
sured as a function of time while keeping the CW fre¬ 
quency fixed near vq. Figure B a ) shows the real and 
imaginary parts of S 21 from swept- and CW- frequency 
measurements made at T = 15 mK an input microwave 
power Pi n = —119.5 dBm. With the input frequency 
fixed, both the noise quadratures (Re[S 2 i] and Im[S 2 i]) 
measure a much larger noise on resonance compared to 
frequencies far from resonance. The fluctuations along 
the transmission circle are a consequence of especially 
enhanced fluctuations in the resonance frequency, and 
the phase of S 2 i is used to determine the resonance fre¬ 
quency in time, using the phase of swept-frequency mea¬ 
surements obtained at the same power and temperature. 

Sg v / v , is extracted from time-series data using Welch’s 
methocP2l, and 1 //-type behavior is observed at low noise 
frequencies (/ < 1 Hz), see FigjTJb). Furthermore, on 
resonance noise power is approximately two orders of 
magnitude higher than the off resonance value. For fur¬ 
ther analysis, Sg v / v was fitted to a model Sg„/ v (Pi n , T) = 
A/[f/( 1Hz)] + B, where A and B represents 1// and 
white noise components, respectively. Unlike A, B de¬ 
creases monotonically with increasing Pi n and does not 
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FIG. 3. (Color online) (a) Temperature dependence of low- 
power 1/f noise Ao shown for representative samples: SI of 
type 1 (O) and S3 of type 2 (A). Here the error bars in¬ 
dicate the standard deviation of the noise values determined 
from fitting. The solid line is a numerical fit of Ao for sam¬ 
ples SI and S3 to the temperature dependent function shown, 
where p = 0.30 ± 0.17 and 0.65 ± 0.17, respectively, (b) 
Temperature dependence of low-power loss tangent tan 5 o for 
samples SI (O) and S3 (A). Sample type-1 (SI) has a loss 
tangent,tan So(T < 60mK), which is approximately 5 times 
smaller than that of type-2 (S3). 


change with temperature, as it is only dependent on the 
measurement system noise (not shown). 

The input power Pi n = V) 2 rms/^o dependence of loss 
tangent tan <5 at T = 10 mK is shown in Fig(2] The root 
mean square (RMS) of the voltage across the capacitor 
plates Vrms = Vin,RMS x Q/y/nZoC^Qc due to ac elec¬ 
tric field across the trilayer capacitor C, can be expressed 
in terms Pj n , the characteristic impedance Zq, and the 
inverse total quality factor, 1/Q = 1/Q C + 1/Qi- The 
coupling quality factor Q c is approximately 2.3 x 10 4 and 
5.2 x 10 3 for film type 1 and 2, respectively, as obtained 
from swept-frequency S 21 data 30 . 

A decrease in tand with increasing input microwave 
power can clearly be seen due to power saturation of TSs 
at higher input powers. In both film types the loss tan¬ 
gent reaches a minimum tan d, tan S m i n , which is practi- 
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FIG. 4. (Color online) The scaled 1/f noise, a ts, which 
is proportional to the noise divided by the loss tangent and 
temperature, is shown for two a-Si 3 N 4 film types: (a) Type-1 
samples SI (O) an d S2 (□) and (b) Type-2 samples S3 (A) 
and S4 (v). For these amorphous films with very different TS 
densities a fit to cuts f° r T < 110mK« hu)/k,B shows the same 
value within experimental uncertainty which is discussed in 
terms of universality of films and the noise model in the text. 


cally independent of temperature up to 200 mK near the 
highest measured input powers, where the photon num¬ 
ber is > 10 6 , and not caused by TS. The average value of 
tan S m i n is used as a fixed parameter in the fit to the loss 
tangent tand = tand 0 /[l + {V rms /Vl) 2 ]^ l + tan 6 min , 
where tan do (T) is the low-power loss tangent and Vl 
is the crossover voltage of power saturation. In the 
standard TS theory, /3 L ss 0.5 and E L = V^/d = 
VZh/2pjT[—T 2 , where Ti^ m i n is the minimum relax¬ 
ation time for a TS on resonance, T 2 is the coherence 
time. Using a nonlinear least squares fit to the data, we 
extract the /3l = 0.43 ± 0.03 in sample S4, which has the 
smallest uncertainty in fitting. A fit to the standard the¬ 
ory of loss using a range similar to data gives /3l = 0.48, 
which is only slightly larger than the experimental values. 

As shown in Fig. 2, the 1/f noise lowers (satu¬ 
rates) with increasing powers at high powers similar to 
tan <^- 3 | 2 5 | 26 | 28 [ i n terestingly, at low power, and simi¬ 
lar to the loss tangent, we find that A reaches a power- 
independent (intrinsic) noise level, which to the best of 
our knowledge has not been previously observed. Sim¬ 
ilar to tand, we fit A[Vrms) to a model of the form 
A = A 0 /[ 1 + {y RM s/V N ) 2 Y N , where A 0 is the temper¬ 
ature dependent unsaturated 1/f noise and V)v is the 
noise crossover voltage. The fit extracted values are 
A 0 = (1.3 ± 0.1) x HT 12 Hz" 1 , V N = (1.0 ± 0.4) x 10" 6 
Vrms , and /3 jv = 0.7 ± 0 .2. The experimental result, 
/3/v = 0.7 ± 0.2, shows a slightly larger slope than loss 
saturation, = 0.4 ± 0.07. Furthermore, our value of 
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Pn agrees better with the weak interaction model of Ref. 
m, which gives Pn = 0.67 for our data range, than 
with the strong interaction model of Ref. [25] . where 
Pn = 0.5. 

The unsaturated 1// noise A 0 (T) is plotted in Fig{3ja) 
for two samples of different type, and show a similar tem¬ 
perature dependence [see Figj3|a)]. The values of A 0 are 
fitted to a function Aq oc and the fit extracted 

values of p for the devices SI and S3 are 0.30 ± 0.17 and 
0.65 ± 0.17, respectively. A similar temperature depen¬ 
dence from TS was observed in resonators previously^ 
with p ~ 0.4, which was used to support a strong TS-TS 
interaction modeP^H, but this behavior is also similar in 
the recent model with weak interactions such that we do 
not analyze it further. Similar to loss in strongly coupled 
loss modePS the number of strongly coupled TS must 
be substantial. Using the strong interaction noise model 
with our calibrated quantity of permittivity noise gives 
the number of strongly-interacting TS Nts — 10~ 4 four 
orders of magnitude smaller than required in the model. 

In Fig§b), we plot low-power loss tangent tan So (T) 
for both film types, represented by SI and S3, versus 
the bath temperature T. From the plots it is clear that 
the low temperature loss tangents, mentioned earlier, dif¬ 
fer by a factor of 5. As mentioned above, the TS loss 
is determined from the measured loss minus an experi¬ 
mentally measured minimum tan<5 m j n , for each sample, 
such that the standard model of loss saturation is found, 
e.g. in Fig§ over a range of two decades. The loss 
is measured only for T < 200mK to avoid affects from 
quasiparticles. The thermal saturation of tando(T) can 
agree with the standard model tanJ oc tanh(hu)/2kBT), 
if some TS remain at a temperature of 200 mK through¬ 
out the temperature sweep, and in general this is may 
happed due to thermal boundaries at the aluminum 
film 32 which separates our dielectric film from the sub¬ 
strate. Although a correction with this assumption can 
be made, we choose to work with the data without any 
model dependence. This weakened temperature depen¬ 
dence is shown by comparing the data with a function de¬ 
rived from nonstandard assumptions of the initial state, 
tan 5 oc 1 — exp(— Hui/ksT^^ (The thermal saturation 
theory is not verified or used below in the analysis). 

In the weak TS-TS interaction model 2 ^, the low tem¬ 
peratures {ksT -C hui) noise is created by spectral 
diffusiorPS of the total permittivity coupled to low en¬ 
ergy TS that are in thermally excited. To conveniently 
parameterize our noise we adopt the quantity ars = 
A 0 x N t h/ tan 2 S , where N t j t = P^VksT is the number of 
thermally activated TS, tand is the measured loss tan¬ 
gent, and Aq is the 1// noise component taken at 1 Hz. 
For the unsaturated regime we use Po = 3tan<5o/7rp 2 j 
and approximate the distribution with a single moment 
at p = 6 Debye for both film types. Since Po oc tan So this 
scaled noise is proportional to the experimental noise di¬ 
vided by the loss tangent and temperature at the lowest 
temperatures. This experimentally determined quantity 
is the same for both film types, as shown in the panels 


to Fig|4] where the average values for T < 100 mK in 
Type-1 and Type-2 films are 0.80 ± 0.26 and 1.32 ± 0.76, 
respectively. Since the normalized noise, a^s, is nearly 
the same between materials even though the normaliza¬ 
tion factor from loss tangent differs by a factor of 5, this 
shows a convincing demonstration of how noise scales 
linearly with loss tangent in an amorphous film. Since 
amorphous films are believed to all follow the same model 
of TS, up the the value of the loss tangent or TS density, 
we expect this relationship to hold universally (generally) 
for any amorphous film with measurable TS. Both films 
show a value consistent with ars — 1.0 and this value is 
in quantitative agreement with the the weak interaction 
noise according to the parameters of Ref. [27] 

Our resonators have a high quality factor and can be 
compared to coplanar resonators where the TS are on 
surfaces, where for example, the low-power Qi = 10 6 can 
be due to a loss tangent of 5.0 x 10~ 4 and a dielectric 
participation of 0.2%. It is not surprising that the large 
slope Pn = 0.7 ± 0.2 in our device was not seen in earlier 
devices, since the TS are spread out in field strengths, 
which has the qualitative effect of reducing the power 
dependence of S$ v / v relative to that in our film where 
the TS all experience the same saturation crossover due 
to a homogeneous field. Since we see a temperature de¬ 
pendence similar to previous resonators^ , we believe it 
likely that high-Q factor superconducting resonators in 
general have a their frequency noise also created by weak 
TS-TS interactions. Our resonators are made of typical 
amorphous films, and work spanning the previous four 
decades has established that the standard model gener¬ 
ally describes the main dielectric, thermal and acoustic 
properties of these solids, e.g. Ref. [20] [2T] [35) and [35] 
As such we think it is clear that an analysis of the res¬ 
onant frequency noise with loss data in amorphous films 
is necessary and possibly sufficient to uncover a standard 
model of noise. 

In conclusion, we have measured the 1// frequency 
noise of superconducting resonators, limited by atomic 
tunneling systems (TS) and related to devices in astron¬ 
omy and quantum computing. Interestingly, the 1 // 
noise varies as where ^ is 0.3 to 0.7, sug¬ 

gesting that our measured phenomenon is related to pre¬ 
vious data used to support a strong interaction noise the¬ 
ory. Microwave power dependent studies suggest that the 
1 // noise has the form A 0 /[l + (Urms/Uv) 2 ]^” , where 
Pn = 0.7 ± 0.2, indicating the existence of an intrinsic 
noise level Aq and a larger saturation slope than previ¬ 
ously observed. A quantitative analysis of the 1/f noise 
was performed by scaling the noise by the measured loss 
tangent and temperature. This forms a quantity which 
is unchanged with film type at low temperatures, despite 
using a loss tangent that differs by a factor of 5. From 
the data and the nature of amorphous solids we expect 
the scaled noise to represent a universal parameter. The 
scaled noise data supports a recent weak interaction noise 
model. Finally, since noise is related to loss this study 
implies that 1/f noise can be predicted from loss for a 
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given device geometry. 
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